A weakly nonlinear generation of non-acoustic modes in the field of sound in a gas is considered. An exoteric chemical reaction of A → B type, which takes place in a gas, may be reversible or not. Two types of sound are considered, low-frequency and high-frequency as compared with the characteristic time of a chemical reaction. For both these cases, the governing equations of non-acoustic modes are derived and conclusions of the efficiency of their nonlinear generation by sound are made. The character of nonlinear generation of non-acoustic modes by sound depends essentially on reversibility of a chemical reaction.
Introduction
The nonlinear losses in acoustic momentum and energy in standard thermoviscous flow result in generation of non-wave modes of a fluid motion. They are known as the thermal (or, optionally, the entropy) and vorticity modes. The latter one exists exclusively in multi-dimensional flows. Regarding to periodic sound and standard absorption in an ideal gas, these nonlinear phenomena are well-studied [1, 2] . As for flows of the non-Newtonian fluids different from ideal gases or those where dispersion of any origin takes place, the nonlinear effects of sound are still fairly poorly studied. Such fluids, however, are paid to great attention in connection to their medical and technical application. Besides the entropy and vorticity modes, there may appear other non-wave modes like it occurs in a chemically reacting fluid or a gas with excited degrees of oscillatory freedom of molecules. The important problem, among other, is how to control efficiently the mass concentration of reagents or oscillatory energy of gas molecules by means of sound.
Processes in a fluid often occur irreversibly, which leads to amplification instead of attenuation of sound. The nonlinear generation of non-acoustic modes is expected to depend strongly on reversibility of a process as well. In this study, we consider generation of the entropy and chemical modes in a gas where reversible or irreversible chemical reaction occurs. Two limiting cases of high or low-frequency sound compared with inverse time of a chemical reaction, are considered. The main idea of the method is to determine modes as relations of per- * corresponding author; e-mail: anpe@mif.pg.gda.pl turbations in a flow of infinitely-small magnitude and to fix these relations in investigations of a weakly nonlinear flow. This makes possible to distinguish dynamic equation for every mode accounting for a weak nonlinear interaction of all modes. No restriction about type of sound (periodic or not) should be done. The method was successfully used by one of the authors in studies of acoustic heating and streaming in standard absorbing fluids, some flows of non-Newtonian fluids and flows over fluids different from an ideal gas [3] [4] [5] .
Basic equations
The momentum, energy, and continuity equations in a gas where a simple exoteric chemical reaction of A → B type takes place, read
where v, ρ, P denote velocity, density and pressure of a gas, respectively. In the system of Eqs. (1), T is temperature measured in J per molecule, C V,∞ is the "frozen" heat capacity at constant volume and constant pressure, respectively (i.e., correspondent processes take place at infinitely high frequencies). R = C P,∞ − C V,∞ is the universal gas constant, C P,∞ is the "frozen" heat capacity at constant pressure, Q = HmW/ρ is the heat produced in the medium per one molecule due to a chemical reaction, H denotes the reaction enthalpy per unit mass of reagent A, and m denotes the averaged molecular mass of a gas. The dynamic equation of the mass fraction Y
of reagent A, and the equation of state complement the system (1):
Dispersion relations in one-dimensional flow
The one-dimensional gas flow along axis OX is considered. Every quantity in Eqs. (1) represents sum of unperturbed value and its variation, for example: T = T 0 + T (where in a weakly nonlinear flow |T | T 0 , and so on). Following [6, 7] , we assume that the stationary quantities Y 0 , T 0 , P 0 , ρ 0 , v 0 = 0 are maintained by a transverse pumping, so that in the longitudinal direction pointed by axis OX, the stationary medium is homogeneous. Equations (1), with account for Eq. (2) within accuracy of quadratic nonlinear terms, read
where
denotes the frozen adiabatic exponent and dimensionless quantities Q T , Q ρ , Q Y depend on the heat produced due to a chemical reaction
The linearized version of Eq. (3) describes a flow of infinitely-small magnitude ∂v ∂t
Let any perturbation represent a sum of planar waves proportional to exp(i ωt − ikx). Every type of motion is determined by one of the root of dispersion relation of the linear flow, ω(k). From the third equation from the system (5) the equalities below follow:
where V = 1/ρ designates the specific gas volume, and
is the characteristic time of chemical reaction. The equation of state (the second from Eqs. (2)) along with the thermodynamic equality
result in the following expression:
The dispersion relations for three non-thermal modes (two acoustic and one non-wave), and the thermal one, are described by equalities
The approximate roots of dispersion relations for both acoustic branches, were firstly derived in [7] . It is reasonable to evaluate first three roots of dispersion equation in two opposite cases: when acoustic frequency is large compared with the characteristic duration of chemical reaction τ c : ωτ c ≈ |k|u ∞ τ c 1 and when acoustic frequency is small compared with τ c : ωτ c ≈ |k|u 0 τ c 1 (u ∞ , u 0 are sound velocity of infinitely large and small frequency, respectively). In both cases a slow dependence of heat release in a chemical reaction on temperature and
High-frequency domain
In this section the high-frequency domain of sound frequencies is considered: ωτ c 1. Regarding to the third, non-wave mode, this condition determines the characteristic wave numbers, |k|u ∞ τ c 1:
and
m is the frozen sound velocity. The first two roots in (11): ω 1 , ω 2 are acoustic and ω 4 corresponds to the thermal (entropy) mode. The third non-acoustic root ω 3 is responsible for the non-wave variation in mass fraction of reagent A. For sound to be a wave process, attenuation (when B ∞ is negative, or amplification, if B ∞ is positive) should be small compared with the characteristic acoustic wave number, |B ∞ | |k|. This in fact determines smallness of |Q ρ |, |Q T | more precisely in dependence on the characteristic domain of sound wave numbers.
Decomposition of equations

Linear equations governing acoustic and nonacoustic modes
Four dispersion relations (11) determine four independent modes:
T . In general, every perturbation of the field variables contains contributions from each of the four modes, for example, ρ = ρ 1 + ρ 2 + ρ 3 + ρ 4 . This allows decomposition equations governing every mode in their linear parts using specific properties of modes. Taking in mind that (− ik) −1 corresponds to the operator dx, one may derive the modes,
The linear equations for any mode may be decomposed directly from the system (5). The dynamic equation governing an excess density in acoustic wave progressive in the positive direction of axis OX, and these for the entropy and the chemical modes are as follows:
Equations (14) coincide with the roots of dispersion equation, Eqs. (11).
Non-linear corrections in acoustic mode
The linear links specific for sound should be complemented by second-order non-linear terms making it isentropic in the leading order. In this study, we consider nonlinear terms of order not higher than second with respect to powers of perturbation of excess density. For simplicity, sound will be associated with the wave propagating in the positive direction of axis OX. The corrected links specific for the first acoustic mode are
In fact, the nonlinear corrections in Eqs. (15) establish relationships specific for the planar Riemann wave [1, 8] propagating over an ideal gas. Taking into account non--linear terms in the governing equation for sound, one may readily conclude that an excess acoustic density satisfies an equation
which looks similarly to the Earnshaw equation [1] but includes the term −B ∞ ρ 1 responsible for attenuation or amplification of sound in dependence on sign of B ∞ .
Variations in temperature caused by high-frequency sound
We assume magnitudes of both non-wave modes small as compared with that of sound, |T 3 |, |T 4 | max |T 1 |. The variations in temperature of the non-wave modes form a new background of a medium. That is why studies of non-linear generation of non-wave modes by sound may be of great importance. Multiplying the first equation from system (3) by 0 and the second, third and fourth equations by corresponding factors
respectively, and taking a sum of all equations reduces all terms belonging to the first, second and third modes in the linear part of the final equation. As for the nonlinear part of the final equation, only acoustic quadratic terms are considered there. That yields the equation for an excess temperature attributable to the entropy mode
Equation (17) describes heating or cooling generated by an acoustic source which represents the right-hand side of it. In order to reduce all terms besides that belonging to the third mode in the linear part, one should multiply the first equation of system (3) by the factor
and the second, third and fourth equations by factors
respectively. Then taking a sum of all the equations and keeping only acoustic quadratic terms, result finally in the equation
It describes an excess temperature attributable to the non-acoustic third (chemical) mode.
Low-frequency domain
In this section, dispersion relations, modes and all relative equations will be calculated in the similar way as in Sect. (4), but under the following assumption:
The leading-order dispersion relations in the low-frequency case are
are the equilibrium (low-frequency) heat capacities,
m is an infinitely small signal velocity, and
Decomposition of equations
Linear equations governing acoustic and non-acoustic modes
The dispersion relations Eqs. (19) corresponding to the linear equations describe the dynamics of an excess density in acoustic mode (propagating in the positive direction of axis OX) and this of the non-acoustic modes, respectively ∂ρ 1 ∂t
Non-linear corrections in acoustic mode
Analogically to Sect. 4, the linear relation in low--frequency sound modes should be complemented by the second-order terms, making these modes isentropic in the leading order
(23) The weakly nonlinear equation governing an excess acoustic density, takes a form of the Earnshaw equation [1] , because attenuation of a low-frequency sound is negligible ∂ρ 1 ∂t
Variations in temperature caused by low-frequency sound
To obtain the equation of an excess temperature of the entropy mode in the low-frequency domain, the first equation from the system (3) should be multiplied by 0, and the second, third and fourth equations by the following factors:
respectively. Taking the sum of all equations reduces terms attributable to the first, second and third modes in the linear part of the resulting equation. The equation governing the acoustic heating (or cooling in dependence on sign of the right-hand side of equation) in the leading order takes the form
It is readily concluded that generation of the entropy mode by the low-frequency sound (both periodic or aperiodic) is inefficient, because the acoustic source is of order max(|Q ρ |, |Q T |) × |k|u 0 τ c . Moreover, the term ρ 1 ∂ρ 1 ∂x for the periodic waveform proportional to sin(ω(t − x/u 0 )) would result 0 after averaging over the sound period 2π/ω.
As for the third mode, one can readily obtain the dynamic equation for it by multiplying the first equation of the system (3) by 0 and the second, third and fourth equations by the factors
respectively, and taking a sum of all equations. The resulting equation reads
6. Illustrations
Variations in temperature attributable to the entropy mode generated by periodic high-frequency sound
Equation (17) in dimensionless quantities takes the form
where B * ∞ = B ∞ u ∞ /ω, x * = ωx/u ∞ are the dimensionless quantities. An excess acoustic density itself satisfies nonlinear Eq. (16). The solution of it, correspondent to the periodic on the transducer sound ρ 1 (x = 0, t) = M ρ 0 sin(ωt), is represented by the sum
M denotes the acoustic Mach number. Equation (28) is valid at distances from transducer smaller than the characteristic distance of wave breakup, x b :
In view of that the coefficient B * ∞ is a small parameter as compared with the acoustic wave number k, it is reasonable to evaluate the integral of the following type approximately:
and to consider the acoustic source in Eq. (27) averaged over the sound period. The resulting averaged temporal derivative of temperature, associated with the thermal mode, will be exclusively function of x. The variation in temperature ∂(T /T 0 )/∂(ωt) for different coefficients B * ∞ is shown in Fig. 1 from Fig. 1 that the ambient temperature increases in time, when coefficient B * ∞ is negative, and decreases otherwise. The rate of increase (or decrease) in temperature depends on value of B * ∞ and distance from a transducer. The acoustic energy in the case of negative B * ∞ decreases, and nonlinear attenuation of sound results in generation of the thermal mode like it occurs in standard thermoviscous fluids. However, B * ∞ > 0 provides the acoustic cooling. Possibility of acoustic cooling instead of heating was firstly pointed out by Molevich [9] regarding to different dispersive flow over a gas with excited irreversibly degrees of freedom of molecules.
Variations in temperature attributable to the entropy mode generated by pulses of equal energy
The most simple acoustic waveform is this one propagating with constant velocity u ∞ without change of its shape. It may be considered as an approximate solution of Eq. (16) (when one neglects two last terms in it, responsible for nonlinearity and attenuation, or
